The universal scaling behavior for the electron-impact excitation cross sections of the 2s states of hydrogenand helium-like multicharged ions is deduced. The study is performed within the framework of nonrelativistic perturbation theory, taking into account the one-photon exchange diagrams. Special emphasis is laid on the near-threshold energy domain. The parametrical relationship between the cross sections for excitation of multicharged ions with different number of electrons is established.
1. Investigations of excitation processes of atomic ions by electron impact are of fundamental importance. During last decades, the problem has been intensively studied within the framework of different sophisticated approaches (see the works [1, 2, 3, 4] and references there). The deduction of the universal scaling behavior of the differential and total cross sections, which allows one to establish the generic features of the excitation processes, is of particular interest. In this Letter, we solve the problem within the framework of the consistent non-relativistic perturbation theory, taking into account the one-photon exchange diagrams. Special emphasis is laid on the nearthreshold energy domain, because it requires the correct treatment of the electron-electron and electron-nucleus interactions.
2. Let us consider the inelastic scattering of an electron on hydrogen-like ion in the ground state, which results in excitation of a K-shell bound electron into the 2s state. We shall derive formulae for differential and total cross sections of the process in the leading order of non-relativistic perturbation theory with respect to the electron-electron interaction. The nucleus of an ion is treated as an external source of the Coulomb field. In a zeroth approximation, the Coulomb functions are employed as electron wave functions (Furry picture). The incident electron is characterized by the energy E = p 2 /(2m) and the momentum p at infinitely large distances from the nucleus, while the scattered electron has the energy E 1 = p 2 1 /(2m) and the asymptotic momentum p 1 . The energy-conservation law reads E = E 1 + 3I/4, where I = η 2 /(2m) is the Coulomb potential for single ionization from the K shell, η = mαZ is the average momentum of the bound electron, m is the electron mass, and α is the fine-structure constant ( = 1, c = 1). Accordingly, the excitation process can occur, if E 3I/4. The parameter αZ is supposed to be sufficiently small (αZ ≪ 1), although we assume that the nuclear charge Z ≫ 1.
The process under consideration is described by the Feynman diagrams depicted in Fig. 1 . In the initial and final continuum states, the single-electron wave functions are denoted by ψ p and ψ p 1 , respectively. Let us focus first on the asymptotic non-relativistic energies E within the range 3I/4 ≪ E ≪ m. In this case, E 1 ∼ E and the asymptotic momentum of the scattered electron is estimated as p 1 ∼ p ≫ η. Accordingly, one needs to take into account only the Feynman diagram depicted in Fig. 1(a) . The contribution of the exchange diagram turns out to be suppressed by the factor of about (η/p) 2 and, therefore, can be neglected. Then the amplitude of the process reads
Note that the factor 4πα originating from the photon propagator is shifted from the amplitude to the formula for the excitation cross section.
Since p ∼ p 1 ≫ η, the wave functions of both the incident and scattered high-energy electrons can be approximated by the plane waves (Born approximation). Integration over the intermediate momenta in Eq. (1) leads to
where N 2 1s = η 3 /π and q = p − p 1 is the momentum transfer. After taking the derivative with respect to λ, one should set λ = η. Since the amplitude (2) is a function of the square of the momentum transfer q 2 , it is convenient to introduce the dimensionless quantity x = (q/η) 2 . Accordingly, the amplitude A can be cast into the form
where N 2 2s = η 3 2 /π and η 2 = η/2. The differential cross section for the 1s-2s excitation is related to the amplitude (4) via
Here v = p/m is the absolute value of velocity of the incident electron. Equation (6) determines the energy and angular distributions of scattered electrons. The element of phase volume for electrons scattered into the solid angle dΩ 1 can be written as
Integrating Eq. (6) over the energy E 1 yields
Here σ 0 = πa 2 0 = 87.974 Mb, where a 0 = 1/(mα) is the Bohr radius. The dimensionless function M is given by the expression (5). In Eq. (8), we have also introduced the dimensionless energy ε = E/I of the incident electron. The energy-conservation law implies ε = ε 1 +3/4, where ε 1 = E 1 /I denotes the dimensionless energy of the scattered electron.
To obtain the total cross section for the excitation of a K-shell electron into the 2s state, the expression (8) should be integrated over the variable x within the range from
This integration can be performed analytically [5] . The leading high-energy contribution appears, while extending the integration from x 1 = 0 to x 2 = ∞. In this case, one
The quantity Z 4 σ * 2s is a universal function of the dimensionless energy ε of the incident electron. The universal scaling Q(ε) does not account for the exchange effects and has a typical behavior for the excitation of states with the zeroth matrix element of the dipole transition [6] . Equation (10) holds true only within the asymptotic non-relativistic range 3/4 ≪ ε ≪ 2(αZ) −2 .
Within the near-threshold domain, both the initial and final electron momenta p and p 1 are of the order of a characteristic atomic momentum η. Correspondingly, the process occurs at atomic distances of the order of the K-shell radius. This implies that the Coulomb wave functions for both discrete and continuous spectra should be employed already in zeroth approximation. In this case, the direct and exchange Feynman diagrams depicted in Fig. 1 are expected to give comparable contributions to the excitation cross section.
Since the general method for evaluation of the Coulomb matrix elements has been already described in details in Ref. [7] , we present here the explicit expression for the amplitude A = β A β without derivation. The individual contributions of both diagrams in Figs. 1(a) and (b) read
In Eq. (13), the integration contour γ is a closed curve encircling counter-clockwise the points 0 and 1. After taking the derivatives in Eq. (13) with respect to the parameter µ, one should set µ = 3ξ/2. In Eq. (14), after taking the derivatives over λ and ζ, the parameters should be set equal to λ = ξ and ζ = ξ/2, respectively. The quantities τ 1,2 and τ ′ 1,2 denote the spin projections of the Pauli spinors in the initial and final states, respectively.
The formulae (11)-(21) define the amplitude A = β A β of the electron-impact excitation, in which the initial and final electrons are characterized by definite polarizations. However, one is usually interested in the processes, in which the initial particles are not polarized, while polarizations of particles in the final state are not measured. Accordingly, the differential cross section (6) should be averaged over the polarizations of the initial electrons and summed over the polarizations of the final electrons. This can be achieved by means of the following substitution
where summations are performed over the electron polarizations in both the initial and final states.
The angular distribution of the scattered electrons is given by
Here the dimensionless functions M ± = M a ± M b , where particular contributions of the direct and exchange diagrams are given by Eqs. (13) and (14), respectively. Due to the azimuthal symmetry of the problem, the solid angle dΩ 1 is just dΩ 1 = 2π sin θdθ, where θ is the angle between the vectors n and n 1 .
The two-parameter function F (ε, θ), which is universal for the non-relativistic energies ε of the incident electron within the range 3/4 ε ≪ 2(αZ) −2 and for any scattering angles 0 θ π, is depicted in Fig. 2 within the near-threshold domain. In Figs. 3-7, we present also the energy behavior of the function F (ε, θ) for a few particular angles θ = 0, π/4, π/2, 3π/4, and π, respectively. As it is seen, for energies 3/4 ε 1 the backward scattering is more preferable rather than the forward scattering. In this case, the correct account for both the direct
and exchange diagrams appears to be extremely crucial. However, with increasing energy ε, the situation changes rapidly to the opposite: the forward scattering becomes much more pronounced, while the backward scattering turns out to be negligible. At high energies ε ≫ 1, the dominant contribution arises from the direct diagram only.
Integrating Eq. (23) over the solid angle yields the total cross section
where F (ε, θ) is given by Eq. (24). The universal function Q(ε), which describes the whole family of hydrogen-like targets with moderate nuclear charges Z, is depicted in Fig. 8 . It should be noted that the behavior of the universal function Q(ε) calculated according to Eq. (27) is relatively close to that presented in the work [4] . However, the numerical calculations performed in Ref. [4] for different hydrogen-like ions within the framework of sophisticated methods exhibit a slight dependence on the nuclear charge even for the moderate values of Z .
Just above the threshold, the 1s-2s excitation cross section measured for the He + ion was found to be σ * 2s /σ 0 = 0.0128 [8] . Our prediction according to Eq. (26) is equal to σ * 2s /σ 0 = 0.03. The significant deviation of these results seems to be caused by the correlation corrections due to two-photon exchange diagrams, which have been neglected in the present consideration.
3. Now we shall study the inelastic electron scattering on helium-like ion in the ground state followed by the excitation of a K-shell electron into the 2s state. To leading order of the nonrelativistic perturbation theory with respect to the electron-electron interaction, one needs to consider only the Feynman diagrams with one-photon exchange. In this case, it is sufficient to take into account the interaction between two active electrons, which participate in the excitation process. The interaction with the second electron of target (spectator) is neglected, since it first contributes only in the next-to-leading order of the perturbation theory. Accordingly, the problem can be reduced to that studied in the previous paragraph.
First, we shall obtain the cross section for impact excitation of helium-like ion into the 1s2s configuration, when the energy terms with different spin multiplicities cannot be resolved experimentally. In this case, taking into account the number of target electrons, the cross sections for helium-and hydrogen-like ions are related as follows
where dσ * 2s is given by Eqs. (23)-(25). Integrating Eq. (28) over the solid angle dΩ 1 yields a similar relation for the total cross sections.
Another situation occurs, if one can experimentally distinguish the excitations into the singlet 2 1 S and the triplet 2 3 S states of helium-like ion. The corresponding cross sections, dσ * s (He) and dσ * t (He), are given by the formulae similar to Eqs. (23) and (24), where the dimensionless function T is given by
Here the factor 2 accounts for the number of electrons in a helium-like ion. The factors 1/4 and 3/4 are the statistical weights for the singlet and triplet states, respectively. The dimensionless functions M a and M b are given by Eqs. (13) and (14). As it is seen, the excitation of the triplet
and backward (θ = π) scattering, respectively. Integrating the functions F (ε, θ) over the solid angle yields the universal functions Q(ε), which define the energy dependence of the total cross sections σ * s,t (He) (see Fig. 13 ). The latter obey universal scalings similar to that given by Eq. (26). The averaged cross section for excitation of helium-like ion into the 1s2s configuration can be written as
which is consistent with Eq. (28). A similar relation holds true also for the total cross sections.
Concluding, we have studied the inelastic electron scattering on hydrogen-and helium-like ions in the ground state followed by the excitation of a K-shell electron into the 2s state. The universal scaling behavior for the differential and total cross sections is deduced. As a method, the consistent non-relativistic perturbation theory is employed. Since the Feynman diagrams are calculated on the level of one-photon exchange, our results are valid for multicharged ions with moderate values of the nuclear charge Z. The calculation is performed according to Eqs. (24) and (29) with respect to the dimensionless energy ε of the incident electron and the scattering angle θ. The calculation is performed according to Eqs. (24) and (29) with respect to the dimensionless energy ε of the incident electron and the scattering angle θ. 
